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Motivations

Consistent truncations are powerful tools to compute solutions in
higher dimensions.

Find AdS vacua
Solutions with fixed asymptotics
Kaluza–Klein spectrum [Malek–Samtleben]

First example

SO(8)-gauged supergravity in four dimensions [de-Wit–Nicolai]

⊂ 11D supergravity on AdS4 × S7
[de-Wit–Nicolai–Pilch–Godazgar’s]

Modern technique

Generalised Scherk–Schwarz reduction [Hohm–Samtleben]



Motivations

Generalisation to two dimensions

Involves affine Kac–Moody E9 [Julia–Nicolai]

The D0-brane near horizon AdS2 × S8 × S1
[Nicolai–Samtleben]

AdS2 - Matrix quantum mechanics duality

Membrane matrix model [de Wit–Hoppe–Nicolai]

D0-brane [Banks–Fischler–Shenker–Susskind] Supergravity [Sekino–Yoneya]

A large variety of other AdS2 vacua

Different phases of the Membrane matrix model

Other matrix models



Motivations

Understand gauged maximal supergravities in two dimensions
Gauging of the affine Kac–Moody algebra e9

Supersymmetry analysis difficult because of K (E9)
[Nicolai–Samleben,Kleinschmidt–Köhl–Lautenbacher–Nicolai]

Embedding tensor formalism [Samtleben–Weidner]

Potential only on SO(9) example [Samtleben–Ortiz]

Exceptional field theory fixes the (pseudo)-Lagrangian uniquely
Determines (geometric) gauged supergravity



Generalised Scherk–Schwarz

The internal metric in the Scherk–Schwarz ansatz decomposes

GMN(x , y) = U I
M(y)GIJ(x)UJ

N(y)

for
U−1M

IU
−1N

J(∂MUK
N − ∂NUK

M) = fIJ
K

solved by group manifold Lie derivative LEI
= U−1M

I∂M .

Generalises to Ed/K (Ed) symmetric matrix as

MMN(x , y) = U I
M(y)MIJ(x)UJ

N(y)

with [Berman–Musaev–Thompson,Hohm–Samtleben]

r−1
(
U−1M

IU−1N
J∂MUK

N

)∣∣
Λ9−d

= −ΘIαT
αK

J



Affine extension

One defines the affine Kac–Moody algebra

[TA
n ,T

B
m ] = f ABCT

C
n+m + n δn+mη

AB

[Ln,T
A
m] = −mTA

m

[Ln, Lm] = (n −m)Ln+m +
2

3
n(n2 − 1)δn+m

and

ηk αβT
α ⊗ T β = ηAB

∑
n

TA
n ⊗ TB

k−n − Lk ⊗ 1− 1⊗ Lk

invariant under Ê8 and Lk . We write ηαβ = η0αβ.



Affine extension

One chooses a spectral flowed basis

[T I
mJ ,T

K
n L] = δKJ T

I
m+nL − δILT

K
m+nL + mδm+n(δIJδ

K
L − 1

9δ
i
Lδ

K
j )

[T I1I2I3
m−p/3,Tn+p/3 J1J2J3

] = 18 δ
[I1I2
[J1J2

T
I3]
m+n J3]

+ 6 (m − p
3 )δm+nδ

I1I2I3
J1J2J3

[T I1I2I3
m−p/3,T

I4I5I6
n−p/3] = −1

6
εI1...I9Tm+n−2p/3 I7I8I9

[Tm+p/3 I1I2I3 ,Tn+p/3 I4I5I6 ] =
1

6
εI1...I9T

I7I8I9
m+n+2p/3

The ŝl9 subalgebras are conjugate for all
p = 0 mod 3 SL(9) ⊂ E8 with e8 = sl9 ⊕ 84⊕ 84
p = ±1 mod 3.

p = 1 arises in dimensional reduction on T 9.
p = −1 arises in the S8 × S1 background.



Basic module

The highest weight module obtained from the E8 invariant vacuum

|Λ〉 =
(
λ0 + λ1

AT
A
−1 + λ2

ABT
A
−1T

B
−1 + . . .

)
|0〉

with λ2
AB in 1⊕ 248⊕ 3875.



E9 Generalised diffeomorphisms

LΛ,Σ|V 〉 = 〈∂V |Λ〉|V 〉 − ηαβ〈∂Λ|Tα|Λ〉T β|V 〉 − 〈∂Λ|Λ〉|V 〉
− η−1αβTr[T

αΣ]T β|V 〉
In the SL(9) (p = 1) decomposition

|Λ〉 =
(
ξI + 1

2λJKT
IJK
1/3 + 1

6λ
∗IJKLT2/3 JKL + ξ∗IJKT

K
1 J + . . .

)
|0〉I

The derivative and constrained ancillary parameter on section

〈∂| = 〈0|I∂I Σ =
(
Σ∗J I + . . .

)
|0〉J〈0|I

and

LΛ,Σ|V 〉 = ξI∂I |V 〉 − ∂I ξJT I
0J |V 〉+ ∂I ξ

I (L0 − 5
9 )|V 〉

−1

2
∂IλJKT

IJK
1/3 |V 〉 −

1

6
∂Iλ
∗IJKLT2/3 JKL|V 〉

−(∂K ξ
∗KJ

I + Σ∗J I )T
I
1J |V 〉+ . . .



The coset fields and currents

One defines the E9 matrix

M =
(
ρ−L0e−σV0

∞∏
n=1

exp(YnAT
A
−n)
)†(

ρ−L0e−σV0

∞∏
n=1

exp(YnAT
A
−n)
)

that admits the current

JM =M−1∂MM 〈eM | ⊗ JM = 〈Jα| ⊗ Tα

that expands as

〈Jα| ⊗ Tα =
∑
n

〈JnA| ⊗ TA
n + 〈J0| ⊗ L0 + 〈JK | ⊗ 1



Shifted currents

The current expends as

〈Jα| ⊗ Tα =
∑
n

〈JnA| ⊗ TA
n + 〈J0| ⊗ L0 + 〈JK | ⊗ 1

and the shifted current

〈J −α | ⊗ Tα =
∑
n

〈JnA| ⊗ TA
n−1 + 〈J0| ⊗ L−1 + 〈χ| ⊗ 1

with 〈χ| satisfies section constraint

〈χ| = 〈0|IχI

and transforms indecomposably in 〈JnA| under e9.



The potential

One finds the invariant ‘potential’

ρVExFT = 1
4η

αβ〈Jα|M−1|Jβ〉−ρ−1〈∂ρ|TαM−1|Jα〉
− 1

2〈Jα|T
βM−1Tα†|Jβ〉+ 1

2ρ
2〈J −α |T βM−1Tα†|J −β 〉

that transforms as

LΛ,ΣVExFT = 〈∂|
(
|Λ〉VExFT

)
+ 〈∂|

(
ρ−1|Λ〉〈∂Λ|M−1|∂Λ〉 − ρ−1M−1|∂Λ〉〈∂Λ|Λ〉

)
and matches both eleven dimensional and type IIB supergravity.



Generalised Scherk–Schwarz

We take

M(x ,Y ) = U†(Y )M(x)U(Y ) , ρ(x ,Y ) = r(Y )%(x)

and define the e9-valued Weitzenböck connection

〈Wα| ⊗ Tα = r−1〈eM | U−1 ⊗ ∂MU U−1

with

〈Wα| ⊗ Tα =
∑
n

〈W n
A | ⊗ TA

n + 〈W0| ⊗ L0 + 〈WK | ⊗ 1

〈W±α | ⊗ Tα =
∑
n

〈W n
A | ⊗ TA

n±1 + 〈W0| ⊗ L±1 + 〈w±| ⊗ 1

〈w±| are constrained and appear in the ansatz of 〈χ| such that

〈J −α | U−1 ⊗ UTαU−1 = 〈W−α | ⊗ Tα + %−2〈W+
α | ⊗M−1Tα†M



Gauged algebra

The gauge parameters

|Λ〉 = r−1U−1|λ〉 , Σ = r U−1Tα|λ〉〈W+
α | U ,

satisfy

r U
(
L|Λ〉,Σ r−1U−1|v〉

)
= η−1αβ〈θ|Tα|λ〉T β|v〉+ηαβ〈ϑ|Tα|λ〉T β|v〉

with the embedding tensor

〈θ| = −〈W+
α |Tα , 〈ϑ| = 〈Wα|Tα .



The potential

Using

M(x ,Y ) = U†(Y )M(x)U(Y ) , ρ(x ,Y ) = r(Y )%(x)

in the exceptional field theory potential one gets

%

r
VExFT =

1

2%2
〈θ|M−1|θ〉 − 2〈ϑ|M−1|ϑ〉 − 〈τ |M−1|θ〉

+
1

2
η−2αβ〈θ|T

αM−1Tβ†|θ〉 + η−1αβ〈θ|T
αM−1Tβ†|ϑ〉 +

1

2
ηαβ〈ϑ|T

αM−1Tβ†|ϑ〉

+r−1〈∂|
(
U−1(TβM−1 −M−1Tβ†

)
|Wβ〉

)
+ %

2

(
1

2
〈τ |M−1|τ〉

+
1

2
ηαβ〈τ |T

αM−1Tβ†|τ〉 − 2η−1αβ〈ϑ|T
αM−1Tβ†|τ〉 − η−2αβ〈θ|T

αM−1Tβ†|τ〉

+2η−2αβ〈ϑ|T
αM−1Tβ†|ϑ〉 + 2η−3αβ〈θ|T

αM−1Tβ†|ϑ〉 +
1

2
η−4αβ〈θ|T

αM−1Tβ†|θ〉

)

with 〈τ | = 〈W−α |T
α determined from |θ〉 and |ϑ〉.



The potential

For Lagrangian gaugings one has 〈ϑ| = 0 and one gets

%

r
VExFT =

1

2%2
〈θ|M−1|θ〉+

1

2
η−2αβ〈θ|TαM−1Tβ†|θ〉+

1

2
%2η−4αβ〈θ|TαM−1Tβ†|θ〉

+r−1〈∂|
(
U−1

(
TβM−1 −M−1Tβ†

)
|Wβ〉

)
.

Giving the supergravity potential

Vgauged =
1

2%3
〈θ|M−1|θ〉+

1

2%
η−2αβ〈θ|TαM−1Tβ†|θ〉+

1

2
% η−4αβ〈θ|TαM−1Tβ†|θ〉



Compactification on S4

Consistant truncation with SO(5) invariant AdS7 × S4 vacuum

Twist matrix (U I
0,U

I
j) ∈ SL(5) [Hohm–Samtleben]

Coordinates Y IJ ⊃ Y 0i and gij , ε
ij1j2j3Aj1j2j3 ∈ SL(5)

Sphere Killing vectors

K i
IJ = detg

1
2
− 2

5U−1 0
[IU
−1i

J]

solving in particular

U−1 0
(I∂iU

−1i
J) − U−1i

(I∂iU
−1 0

J) = −4rλδIJ



Compactification type IIB on S5

Consistant truncation with SO(6) invariant AdS5 × S5 vacuum

Twist matrix (U I
0,U

I
j) ∈ SL(6) ⊂ E6 [Hohm–Samtleben]

Coordinates YM ⊃ Y IJ ⊃ Y 0i and gij , ε
ij1...j4Cj1...j4 ∈ SL(6)

Sphere Killing vectors

K i
IJ = detg

1
2
− 2

6U−1 0
[IU
−1i

J]

solving in particular

U−1 0
(I∂iU

−1i
J) − U−1i

(I∂iU
−1 0

J) = −5rλδIJ



Compactification on S7

Consistant truncation with SO(8) invariant AdS4 × S7 vacuum
[de-Wit–Nicolai–Pilch–Godazgar’s]

Twist matrix (U I
0,U

I
j) ∈ SL(8) ⊂ E7 [Hohm–Samtleben]

Coordinates YM ⊃ Y IJ ⊃ Y 0i and gij , ε
ij1...j6Aj1...j6 ∈ SL(8)

Sphere Killing vectors

K i
IJ = detg

1
2
− 2

8U−1 0
[IU
−1i

J]

solving in particular

U−1 0
(I∂iU

−1i
J) − U−1i

(I∂iU
−1 0

J) = −7rλδIJ



Compactification on S8

Type IIA supergravity on S8 with ?F2 flux

Purely gravitational solution in eleven dimensions

Twist matrix U valued in ŜL(9)

SL(5) ⊃ SO(5) for S4 compactification

Coordinates Y IJ ⊃ Y 0i and gij , ε
ij1j2j3Aj1j2j3 ∈ SL(5)

E6 ⊃ SL(6) ⊃ SO(6) for S5 compactification

Coordinates YM ⊃ Y IJ ⊃ Y 0i and gij , ε
ij1...j4Cj1...j4 ∈ SL(6)

E7 ⊃ SL(8) ⊃ SO(8) for S7 compactification

Coordinates YM ⊃ Y IJ ⊃ Y 0i and gij , ε
ij1...j6Aj1...j6 ∈ SL(8)

E9 ⊃ SL(9) ⊃ SO(9) for S8 compactification

Coordinates YM ⊃ Y IJ ⊃ Y 0i and gij , ε
ij1...j7Cj1...j7 ∈ SL(9)



Compactification on S8 × S1

Conjugate such that 〈∂| reads in the (p=-1) SL(9)

〈∂| = 〈0|JT 0iJ
1/3∂i = 〈1

3 |
0i∂i

We take
U−1 = rL0es U−1

the embedding tensors

〈ϑ| = −r−1∂i

(
r

7
9 esU−1 0

JU
−1 i

K

)
〈1

3 |
JK = 0

and

〈θ| = r−
2
9 esU−1 0

KU
−1 i

L∂iU
S
IU
−1 I

R

(
〈 1

3
|[KLTR]

1 S −
2

7
〈 1

3
|Q[K

T
L
1 Qδ

R]
S

)
+

1

8
r−

2
9 es

(
U−1 0

K∂iU
−1 i

L − U−1 i
K∂iU

−1 0
L + w+

9 U−1 0
KU
−1 0

L

)
〈 1

3
|P(K

T
L)
1 P

+
9

14
r−

16
9 es∂i

(
r

14
9 U−1 0

KU
−1 i

L

)
〈 1

3
|KLL1 = −

1

56
ΘIJ〈 1

3
|K(I

T
J)
1 K



Scherk–Schwarz solution
Introduce SO(9) embedding coordinates with metric ηIJ for
ΘIJ = λδIJ

δIJY IYJ = 1

The SL(9) twist matrix components are taken to be

U−1 i
I = |detg |

1
9
(
g ij∂jYI + c iYI

)
,

U−1 0
I = |detg |−

7
18YI ,

and

r = |detg |
1
2 , es =

λ

7
|detg |

7
18 .

where gij = δIJ∂iYI∂jYJ and c i the 7-form potential

g ij∂iYI∂jYJ = δIJ −YIYJ , |detg |−
1
2∂i

(
|detg |

1
2 g ij∂jYI

)
= −8YI

and
|detg |−

1
2∂i

(
|detg |

1
2 c i
)

+ |detg |
1
2w+

9 = 7



Scherk–Schwarz solution

With the embedding tensor

〈θ| = − 1

56
ΘIJ〈0|KIT J

1K ,

and the coset component

V−1 = · · · eh
I
JT

I
−1 J e

1
6
aIJKT−1/3 IJK %L0eσV−1

〈θ|V−1 =
1

56
ΘIJe

σ

(
V−1 I

AV
−1 J

B〈0|CTCDA
1/3 TB

1 D − 8%−1hI
KV
−1 J

AV
−1 K

B〈0|CTABC
1/3

+ 28%−1/3aIKLV−1 J
AV

B
KV

C
L〈0|BTA

1 C + 56%−4/3aIKLhJ
LV

A
K 〈0|A

− 7%−2/3aIKLaJPQV A
KV

B
LV

C
PV

D
Q〈0|AT2/3 BCD

−
1

36
%−1aIK1K2aJK3K4aK5K6K7εK1...K7RSV

−1 R
AV
−1 S

B〈0|CTABC
1/3

−
7

144
%−4/3aIK1K2aJK3K4aK5K6K7aK8K9LεK1...K9

V A
L〈0|A

)
,



The potential

Vgauged =
e2σ

2%3
ΘIJΘKL

((
2M IKMJL −M IJMKL

)
+

1

2
%
−2/3

(
aIPQaKRSMJLMPRMQS − 2aIKPaJLQMPQ

)
+ 2%−2hI

Ph
K
QM

Q[PMJ]L + %
−8/3aIPRhJ

Pa
KQShL

QMRS

+
%−2

72
hJ

Pa
KQ1Q2 aLQ3Q4 aQ5Q6Q7εQ1...Q9

M IQ8 MPQ9

+
3

8
%
−4/3aI [M1M2 aM3M4 ]JaK [N1N2 aN3N4 ]LMM1N1

MM2N2
MM3N3

MM4N4

+
%−2

2 · 1442
aIN1N2 aJN3N4 aN5N6N7εN1...N9

aKP1P2 aLP3P4 aP5P6P7εP1...P9
MN8P8 MN9P9

+
%−8/3

576
aIRPhJ

Ra
KN1N2 aLN3N4 aN5N6N7 aN8N9QεN1...N9

MPQ

+
%−8/3

11522
aIN1N2 aJN3N4 aN5N6N7 aN8N9QεN1...N9

aKP1P2 aLP3P4 aP5P6P7 aP8P9SεP1...P9
MQS

)

Matches Ortiz–Samtleben for ΘIJ = λδIJ

Nicolai–Samtleben solution M IJ = δIJ , aIJK = 0, hI J = 0

% =
(5λ`

2

) 9
2

z−
9
5 , eσ = `z−

7
5



Conclusions

E9 exceptional field theory

Pseudo–Lagrangian, extended Virasoro formulation Ln≤0

Generalised Scherk–Schwarz ansatz

2D Gauged supergravities that uplift to 11D or type IIB

Kinetic term from the pseudo-Lagrangian [B.-C.-I.-K. to come]

Fate of the Breitenlohner–Maison integrability?

Gauged supergravity in two dimensions

The potential for non-geometric gaugings?

AdS2-Matrix quantum mechanics duality

Membrane matrix model [de Wit–Hoppe–Nicolai]

D0-brane [Banks–Fischler–Shenker–Susskind] Supergravity [Sekino–Yoneya]





Dorfman product and Leibniz algebra

The Dorfman product for Xi = (|Λi 〉,Σi ) [Hohm–Samtleben for E8]

X1◦X2 =

(
LX1Λ2 , LX1Σ2 + η1αβ〈∂Λ1 |T

α|Λ1〉T β|Λ2〉〈∂Λ1 |

+ ηαβTr(T
αΣ1)T β|Λ2〉〈∂Σ1 | − |Λ2〉〈∂Σ1 |Σ1

)
that obeys the Leibniz property

X1 ◦
(
X2 ◦ X3

)
=
(
X1 ◦ X2

)
◦ X3 + X2 ◦

(
X1 ◦ X3

)
and the algebra

[LX1 ,LX2 ] = LX1◦X2



Gauged algebra

The generalised frame

〈E| =
(
r−1U−1, r U−1Tα ⊗ 〈W+

α |U
)

satisfy the Dorfman product

EA◦EB = −XAB
CEC = ΘAαT

αC
BEC

i.e.
〈E|◦〈E| =

(
η−1αβ〈θ|Tα + ηαβ〈ϑ|Tα

)
⊗ 〈E|T β

provided 〈θ| and 〈ϑ| are constant.

implies quadratic constraint

η−1αβ〈θ|Tα⊗ 〈θ|T β + ηαβ〈ϑ|Tα⊗ 〈θ|T β + 〈ϑ| ⊗ 〈θ| − 〈θ| ⊗ 〈ϑ| = 0

η−1αβ〈θ|Tα⊗ 〈ϑ|T β + ηαβ〈ϑ|Tα⊗ 〈ϑ|T β = 0



Generalised diffeomorphisms

Diffeomorphisms based on SL(d): ∂NY
M ∈ GL(d)

LΛV
M = ΛN∂NV

M − ∂NΛMVN

Diffeomorphisms based on SO(d , d): ∂NY
M |R+ × SO(d , d)

LΛV
M = ΛN∂NV

M − (∂NΛM − ηPNηMQ∂QΛP)VN

Diffeomorphisms based on G : ∂NY
M |R+ × G

LΛV
M=ΛN∂NV

M−ηαβ(Tα)PQ∂PΛQ (T β)MNV
N−
(
1−(λ, λ)

)
∂NΛN VM

where YM are in the representation of highest weight λ.



Generalised diffeomorphisms

Diffeomorphisms based on G : ∂NY
M |R+ × G

LΛV
M=ΛN∂NV

M−ηαβ(Tα)PQ∂PΛQ (T β)MNV
N−
(
1−(λ, λ)

)
∂NΛN VM

For affine Kac–Moody (|V 〉 is a lattice CFT state)

LΛ|V 〉 = 〈∂V |Λ〉|V 〉 − ηαβ〈∂Λ|Tα|Λ〉T β|V 〉 − 〈∂Λ|Λ〉|V 〉



Generalised diffeomorphism

SL(d) diffeomorphisms close on all functions

SO(d , d) diffeomorphisms close on section [Hohm–Hull–Zwiebach]

ηMN∂MF ∂NG = 0

G diffeomorphisms close on section
[Berman–Perry,Cederwall–Edlund–Karlsson]

ηαβ(Tα)PM(T β)QN∂PF∂QG = ∂NF∂MG + ((λ, λ)− 1)∂MF∂NG

for g+λ finite dimensional and otherwise to ancillary
transformations. [Cederwall–Palmkvist]



Generalised diffeomorphism

Affine Kac–Moody diffeomorphisms close on section

ηαβ〈∂F |Tα ⊗ 〈∂G |T β = 〈∂G | ⊗ 〈∂F | − 〈∂F | ⊗ 〈∂G |

including ancillary transformations

LΛ,Σ|V 〉 = 〈∂V |Λ〉|V 〉 − ηαβ〈∂Λ|Tα|Λ〉T β|V 〉 − 〈∂Λ|Λ〉|V 〉
− η−1αβTr[T

αΣ]T β|V 〉


