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Motivations

Consistent truncations are powerful tools to compute solutions in
higher dimensions.

* Find AdS vacua

*  Solutions with fixed asymptotics

* Kaluza—Klein spectrum  [Malek-Samtieben]
First example

> S50(8)-gauged supergravity in four dimensions  [de-Wit-Nicolai
C 11D supergravity on AdS4 X 57 [de-Wit-Nicolai-Pilch-Godazgar's]

Modern technique

> Generalised Scherk—Schwarz reduction  [Hohm-Samtleben]



Motivations

©® Generalisation to two dimensions
> Involves affine Kac—Moody Eg  [julia-Nicolai]
< The DO-brane near horizon AdS; x S8 x S1 [Nicohi-Samtleben]

© AdS, - Matrix quantum mechanics duality

> Membrane matrix model  [de Wit-Hoppe-Nicolai]
DO-brane [Banks—Fischler-Shenker—Susskind] H Supergravity [Sekino—Yoneya]

© A large variety of other AdS;, vacua

> Different phases of the Membrane matrix model
> Other matrix models



Motivations

Understand gauged maximal supergravities in two dimensions
< Gauging of the affine Kac—Moody algebra eg

* Supersymmetry analysis difficult because of K(Eg)
[Nicolai-Samleben,Kleinschmidt-Kohl-Lautenbacher-Nicolai]

* Embedding tensor formalism  [samtleben-Weidner]

* Potential only on SO(9) example  [samtieben-Ortiz]

Exceptional field theory fixes the (pseudo)-Lagrangian uniquely
> Determines (geometric) gauged supergravity



Generalised Scherk—Schwarz

The internal metric in the Scherk—Schwarz ansatz decomposes

Gun(x,y) = U'm(y)Gu(x) U/ n(y)

for
UM U= (o Uy — on U™ m) = 5

solved by group manifold Lie derivative Lg, = U=, 0.

Generalises to E4/K(E4) symmetric matrix as

Mun(x,y) = U y(y) MU u(y)

with [Berman—Musaev—Thompson,Hohm-Samtleben]

ril(uflMluilNJaMuKN)‘Ag_d = —0,, T,



Affine extension

One defines the affine Kac—-Moody algebra

[T Tl = £ T+ 10

[Lm Tné] = _mTﬁ
2
[Ln, L] = (n— m)Lpym + gn(n2 ~ Ddpim
and

UkaﬁTo‘®T6=77ABZT,f‘® TE —Li®1-1®L
n

invariant under /E; and Lx. We write 74,3 = 10 as-



Affine extension

One chooses a spectral flowed basis

(Tss Tai] = 05 Tonint — 0L Tosient + MOmin(8501 — 3616/°)

hhl I I hhl
[T L 2;/37 Tn+p/3J1J2J3] 18 6[[_;15 Tn:l_,,_j?’] + 6 (m - %)5m+n5_/115;]3

hhh /4/5/6 1
[T -p/3’ '7 P/3] - 775 °T m+n—2p/3 kgl
T, ] = l , Tl
m+p/3 hhkl> n+p/3 N3 Eh... m+n+2p/3

The ;[9 subalgebras are conjugate for all

* p=0mod3 ~» SL(9) C Eg with eg = 5lo © 84 @ 84
* p= =41 mod 3.

x p =1 arises in dimensional reduction on T?.
* p = —1 arises in the S® x S1 background.



Basic module

The highest weight module obtained from the Eg invariant vacuum
A) = (A + MG TA + N TATE +...)|0)

with A3z in 1 ® 248 & 3875.



Eq Generalised diffeomorphisms

Las|V) = (0vIN|V) = nag(Oal TN TP V) = (OAIN)]| V)
— N1 TX[TOZ] TP V)
In the SL(9) (p = 1) decomposition
IA) = (&' + A TE + e s + S T+ ) [0)

The derivative and constrained ancillary parameter on section

(9] = (0|'9, Y= (Y +...)0),00/
and

Las|V) = &o|V)y — o T{IV) + 01 (Lo - 3)|V)
1 1. .,
—501A\ K 2 g T3k IV)
—(OkE) + Z*J/)T1J| V) +



The coset fields and currents

One defines the Eg matrix

o0 T o0
M= (P_LOE‘_U Vo H exp(Yna Tf‘n)> (P_Loe_o Vo H exp(Yna Tf\n))
n=1 n=1
that admits the current
TIn = MEoyM -~ (eM| @ Ty = (Ta| @ T
that expands as

(Jol ® T* = (Jal@ T+ (bl @ Lo+ (| @1

n



Shifted currents

The current expends as

(Tal @ T* = (Jal® TS+ (Jo| ® Lo + (Jk| @ 1

n

and the shifted current

(Tal@T*=> (AT + (hl@La1+(x®1

n

with (x| satisfies section constraint

(xl = (0l"xs

and transforms indecomposably in (J3| under eqg.



The potential

One finds the invariant ‘potential’

P Verr = 4117)&'8<»7(1’M71|L75> _pil<8p’ TaM?l‘j(ﬁ
— (ol TPMTTN Tg) + 0% (T | TP M TN T,)

that transforms as
EA,Z \/E><FT = <a’ <V\> \/ExFT>
+ (01 (L INONMHION) — o M ONNONIN) )

and matches both eleven dimensional and type IIB supergravity.



Generalised Scherk—Schwarz
We take

M, V) =UNYIMOOUY),  plx, Y) = r(Y)e(x)
and define the eg-valued Weitzenbock connection
Wal @ T* = r HeMUu @ ot U™
with

Wal @ T =D (WA @ TS+ (Wol @ Lo + (Wk| ® 1

n

Wilo T = (Wil Ty + (Wl @ Leg + (wh| @1

n

(w| are constrained and appear in the ansatz of (x| such that

Ta U o UT U™ = Wi @ T+ 2(Wi o M7 T M



Gauged algebra

The gauge parameters
N =rTUTHN), S=rU TN U,
satisfy
rU (L, s rUTHY)) = 1-1ap (0] TN Tv) 410 (9 TN TPv)
with the embedding tensor

(O] = —WVaIT, (9] = (WalT".



The potential

Using
M(x,Y) = Z/lT(Y)M(x)Z/I(Y), p(x,Y) =r(Y)o(x)

in the exceptional field theory potential one gets

e 1 —1 —1 —1

“Veer = o (0IM716) = 2(9|MTH9) — (r|M"|0)
s O T M T 0) b0 g GITOMT TN 19) 4~y (91 T M T2 9)
+r—1<0\(u‘1(rf’*m—1 - M—lr”)\w,q)) + 92<%(T|M—1\T>
+§nQB<T\T“M*‘T“|r> — 201 ap(ITOMT TP 1) — 0, s (BITM T TPT 1)

1 4
1205 ap (I TOM T TET ) + 205 (5 (0| TOM T TPT|0) 4 Sn—sap (0l TM 1T‘*’\9>>

with (7] = (W5 | T determined from |0) and [¥).



The potential

For Lagrangian gaugings one has (¢| = 0 and one gets
1
20
+r @ (U (TAM™E = M7 TP W) )

1 1
%vw =_—_(|M7L|0) + 577_2@5(0|T0‘M*1T5T|0) + §g2n_4a5(0|T°‘M*1T57|0)

Giving the supergravity potential

1 1 . 1 .
Visuged = 0 M71 0 5 -2« 0 7-0(,\/’717_‘:hL 0 = —4 0 T&MilT‘dT 0
s = 5 5 (OIMH0) + 511205 (0] 10)+ 50405 (0] 16)



Compactification on S*

Consistant truncation with SO(5) invariant AdS; x S* vacuum

* Twist matrix (U'g, U'};) € SL(5)  (Hohm-Samtieben]
> Coordinates Y 5 Y% and g;, 2B A; ;.. € SL(5)

Sphere Killing vectors
K/J = detg%*% Uflo[/ Ufli_]]
solving in particular

U_lo(/a;U_liJ) — U‘li(,8;U‘1°J) = —4r)\dyy



Compactification type 11B on S°

Consistant truncation with SO(6) invariant AdSs x S° vacuum

* Twist matrix (Uo, U'}) € SL(6) C Eg  [Hohm-Samtieben]
> Coordinates YM 5 Y 5 Y% and g, et C; ;€ SL(6)

Sphere Killing vectors
K/J = detg%*% Uflo[/ Ufli_]]
solving in particular

U240 U ) = U0 U™10 ) = —5rAdyy



Compactification on S’

Consistant truncation with SO(8) invariant AdS; x S’ vacuum

[de-Wit-Nicolai-Pilch—Godazgar's|

*  Twist matrix (Ulo, UIJ) S 5L(8) C E7 [Hohm-Samtleben]
> Coordinates YM > Y’ 5 Y% and g;j,s"jl"'ﬁAjl,_je € SL(8)

Sphere Killing vectors
Ki, = detgz—s U0, U™V,
solving in particular

Uflo(/a,'UfliJ) — Ufli(/a,'UfloJ) = —TrA\dyy



Compactification on S8

Type IIA supergravity on S8 with xF, flux

> Purely gravitational solution in eleven dimensions
~ Twist matrix U valued in ﬁ@
SL(5) D SO(5) for S* compactification
< Coordinates Y 5 Y% and g;;, e2BA; ;. € SL(5)
Es D SL(6) D SO(6) for S° compactification
< Coordinates YM 5 Y” 5 Y% and g,-j,e"jl“'j“lewﬂ € SL(6)
E; D SL(8) D SO(8) for ST compactification
> Coordinates YM > Y’ 5 Y% and g,-j75"fl"'f6Aj1,__j6 € SL(8)
Eg D SL(9) D SO(9) for S® compactification
< Coordinates YM > Y’ 5 Y% and g,-j,s"jl'“j’ Ci...j» € SL(9)

*

*

*

*



Compactification on S8 x St
Conjugate such that (0| reads in the (p=-1) SL(9)
(0] = (011 T3j30: = (51”0,
We take

the embedding tensors

W = —r1o; (r%esU_loJU_liK) <%]JK =0

and

_2 _ 1 _ KL+R] 2 ,1,Q[KL ¢R]
(0] = r sesU10% U1 ;U5 U g <<%\[ T1§—7(%| [ Tm(ssl)
1 . : .
+5r §eS(U710K({9iU71'L — U U0 4wy U*1°KU*1°L)<%\P(K T
9 _ | uo 1 1 K(I J
tgr e (rgU 10, u-1 L) Gl = - eud] )



Scherk—=Schwarz solution

Introduce SO(9) embedding coordinates with metric 7, for
O = Aoy
oYyl =1

The SL(9) twist matrix components are taken to be
—1i _ Lo ija. i
U™t = |detgls (gY0;Y1 + ')
U1 = |detg| 5,

and \
r= \detg]% , e = ?\detgl% .

where g = (5”8,-)7,8ij and ¢’ the 7-form potential
g70V10Ys = bu—YiYs ., |detg| 20, (|dete|>g70,Y)) = ~8Y

and
]detgr%&- (|detg\%ci) + |detg|%WJ =7



Scherk—=Schwarz solution

With the embedding tensor
1 KiJ
(0] = — 5 Oul0™ Tik .

and the coset component

I 1K
Yt SN RS WIN L T71/3/JKQLer Vas'

1
oyt = s5One” (V*”AV*“B@\CTIC/[;A TEp — 8o M VT AV g0l TS

4 28g—1/3aIKL Vant JA VBK VCL<O|B T1AC 4 569_4/33IKLhJL VAK<0‘A
_ 7972/3aIKLaJPQ VAK VBL VCP VDQ(OlA -1—2/3 BCD
1

11Ky Ky 2K Ky oK Ko K _1R \/-15 ABC
— 362 2 1eat et ey Grs VT T AV T 7B (0l T3

7
—4/3 _IKi1 Ky JK3Ky SKsKg K7 A Kg KoL A
~ Taa® /3 glKike gIKsKa gs Kola Kool 4 VAL(0]a )



The potential

I 1
Vgt = ;elJeKL (2MIK Mt MUMKL) + 5@—2/3(3/P03KR5MJLMPRMQS - 2alKPajLQMPO>
o
T 29—2h/PhKQMQ[PMJ]L + 978/33’PRhJP3KQ5hLQMRS

-2
o
+ 2 B pak @@ gl @@ o I PO

3
—4/3_I[MyM, _MyM,]J _K[N; N, _N;N,]L
+§Q /3 QI MM, M;M1J (KIN N, N Ny M, v, Mat,n, Mg, i, M,
—2
4
+ SSEYYE /NN aJNzN‘aNsN"N’eN]___NgaKP‘P2 aLP3P43P§P6P7EF,...Pg M NePs NPy
—8/3
4
alRPhJRaKN,NzaLN3N,,aNsNéN,a/\/E,NQQSN o Mpg
576 N °
—8/3
(4 INy Ny _INgN, _Ns NgN; _Ng N KPP, _LP;P, _PsPsP; PP
+ 711522 /NN g INg Ny o Ng NN o Ng QQENi...N._,a 1Py gLP3 Py (PPsPy APy gssP,...PgMQS

Matches Ortiz—Samtleben for ©,; = A\Jy

< Nicolai-Samtleben solution MY = §” 2K =0, h'; =0

o

. 5_)\6)3 _

_7I
) 2 e’ =0z



Conclusions

©® [Ey exceptional field theory
> Pseudo-Lagrangian, extended Virasoro formulation L,<q
© Generalised Scherk—Schwarz ansatz
< 2D Gauged supergravities that uplift to 11D or type IIB
> Kinetic term from the pseudo-Lagrangian  [B-C-1.K. to come]
> Fate of the Breitenlohner—Maison integrability?
© Gauged supergravity in two dimensions
‘> The potential for non-geometric gaugings?
® AdS,-Matrix quantum mechanics duality

o Membrane matrix mOdeI [de Wit-Hoppe-Nicolai]
DO-brane [Banks—Fischler-Shenker-Susskindg] @@ Su pergravity [Sekino-Yoneya]



o



Dorfman product and Leibniz algebra

The Dorfman product for X; = (|A;),X;)  [Hohm-Samtieben for Eq]
Xj0Xp = <EX1/\2 s L3, T2 4+ 110 06| TYAL) TPIA) (07|
T (T E) T 0, ) 05,51 )

that obeys the Leibniz property
X0 (X2OX3) = (Xl OXQ) oX3+Xso0 (Xl OX3)

and the algebra
[Lx1, Lx,] = Lxy0x,



Gauged algebra
The generalised frame
E = (U U T e W)
satisfy the Dorfman product

EaoEg = —Xag“Ec = Opa T*“BEC

(Elo(E| = (n-1ap(0] T* + 10 (9| T) ® (E| T”
provided (A| and (¥| are constant.

> implies quadratic constraint

N-1a5(0] TO® (0] TP + nap (9| TO® (0] TP + (9| @ (0] — (8] ® (9] =
N-1ap(0| T*® (O] TP + 1ap(9| T (9| TP =



Generalised diffeomorphisms

* Diffeomorphisms based on SL(d): dyYM € GL(d)
LAVM = AVoyvM — oAV VN
* Diffeomorphisms based on SO(d, d): oy YM|R, x SO(d, d)
LAVM = Aoy vM — (A — npynMR0o AP VN
* Diffeomorphisms based on G: Iy YM|R, x G
LAVM=NN N VM =105 (T)F Q0p A (TAYM N VN = (1—(X, X)) OpAN VM

where YM are in the representation of highest weight \.



Generalised diffeomorphisms

* Diffeomorphisms based on G: oy YM|R, x G
LAVM=AN N VM —105(T*)P Qap A (TA)M N VN — (1—(X, X)) OnAN VM
For affine Kac—Moody (|V/) is a lattice CFT state)

LAV = (OvIN)| V) = 105(0nl TEIA) TPIV) — (OpIN)| V)



Generalised diffeomorphism

* SL(d) diffeomorphisms close on all functions

* SO(d, d) diffeomorphisms close on section  [Hohm-Hull-Zwiebach]

nNoyF onG =0

* G diffeomorphisms close on section

[Berman—Perry,Cederwall-Edlund—Karlsson]
Nas(T*) P M(TP)NOpFOQG = OnNFOMG + (A, ) — 1)OMFONG

for g finite dimensional and otherwise to ancillary
transformations. [Cederwall-Palmkvist]



Generalised diffeomorphism

* Affine Kac—Moody diffeomorphisms close on section
1as(OF| T* © (06| TP = (96| ® (0| — (9F| ® (96|

including ancillary transformations

Las|V) = OvINIV) = 1asOn TN TPIV) = (0AIN)| V)
— -1 T[T ] V)



