
















































Theorem: Given g ϵ H2(Ω)∩X there exists a unique solution
ψ ϵ H1

0 (Ω)∩H2(Ω)∩X   satisfying the inhomogeneous
Dirichlet problem. Consequently, there exists a unique solution  
Ф ϵ H2(Ω)∩X to the Dirichlet problem.

Boulton, Garcia del Moral, Restuccia      





Matching the internal and the asymptotic solutions

Denote Σ the asymptotic region where the solution φ has 
been determined. It satisfies Q φ = Q† φ = 0 . Consider the
interior región Ω. One can always take the prescribed V0 
large enough so that the boundary ∂Ω is contained in Σ. 
Let g be the value of φ on ∂Ω. Consider the interior 
solution ψ with boundary condition g. It can then be 
proved that in Σ∩ Ω , on a neighborhood of ∂Ω :  φ = ψ . It
then follows that the matching of the solutions is smooth. 
Consequently, for the SU(2) model, we conclude the
existence and uniqueness of the zero eigenstate of the
D=11 regularized Hamiltonian. 



Spectrum of the Hamiltonian

There exists and it is unique the solution of the Dirichlet problem 
for the SU(N) model on bounded regions (balls) and on the 
valleys extending to infinite. 
The spectrum of the Hamiltonian with domain in H1

0 (Ω) is in 
those cases purely discrete, with finite multiplicity and with no 
accumulation point other than infinite. It is strictly positive.
The matching of the interior solution with the asymptotic one at 
the boundary of Ω, for the SU(2) model, shows the existence and 
uniqueness of the ground state for the SU(2) regularized D=11 
Supermembrane. 
Explicit calculation of the spectrum of H in the valleys.
The ground state of the SU(N) model and its relation to Yang 
Mills in the L going to 0 limit.
The Heat kernel of the D = 11 Hamiltonian.



Geometrical framework

• Smooth fiber bundle
F  → E → B 
F  the fiber, the flat torus 
on the target,
E the total space, 
B the base manifold, a 
Riemann surface.

• Structure group : G
area preserving or 
equivalently  
symplectomorphisms
preserving the area two 
form .
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Monodromy

• There is a natural 
homomorphism :
∏1(B) → ∏0 (G) 

∏0(G), the  group of isotopy
classes of 
symplectomorphisms is 
isomorphic to SL(2,Z)

• Given a representation ρ of 
∏1(B) on SL(2,Z) it acts on 
the homology classes of the 
fiber torus (represented by 
two integers) as a matrix 
multiplication on the pair of 
integers.
We identify the pair of 

integers as the KK charges.

M.P.Garcia del Moral, I.Martin,       
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Classification of symplectic torus bundles

• Given ρ the inequivalent
torus bundles are 
classified by the 
cohomology classes of 
H2(B, Zρ). 

• Equivalently, by the 
coinvariant classes of the 
abelian subgroup of 
SL(2,Z) determined by ρ.

• Q= (p,q)
• { Q + gQ~ - Q~ }



The Mass operator of the Supermembrane with non trivial winding and a 
given monodromy

The non trivial winding condition is equivalent to a 2-form flux condition on
the target.

The Mass operator can be formulated as a functional of the coinvariants : 
these are equivalent classes of (p,q) charges and winding terms .

We determine the symmetry relating the (p,q) equivalent charges. Since
they determine equivalent torus bundles we identify them as “gauge” 
equivalent.

When the monodromy is trivial the formulation reduces to the mass
formula of the Supermembrane wrapped on a torus with momentum (p,q), 
which is consistent with the mass formula of BPS states [ J.Schwarz].

By dimensional reduction we obtain (p, q) strings with a reduced symmetry
according to the monodromy considered.
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