
Hidden Hyperbolic  
Kac-Moody Structures  

in  Supergravity 
(work with M. Henneaux, H. Nicolai, A. Kleinschmidt, P. Spindel, B. Julia,…)

HermannFest- The Sound of Symmetry 
Conference in honour of Hermann Nicolai's 70th birthday


Albert Einstein Institute, Potsdam (Germany)  13-16 September 2022

Thibault Damour

Institut des Hautes Etudes Scientifiques



Belinsky-Khalatnikov-Lifshitz (1969) chaotic oscillatory approach near a  
generic inhomogeneous spacelike singularity in D=3+1 GR

Billiard description (Misner’69, Chitre’72,…, TD-Henneaux-Nicolai…)

Exponential parametrisation: 

a = e��1

; b = e��2

; c = e��3

Lagrangian for  
beta dynamics 

kinetic metric (in any d=D-1)

Potential

gravitational wall forms 
in beta space



Billiards in beta space



Appearance of E_10 in maximal SUGRA

10 walls 
in the 

10-dim 
Lorentzian 
beta space 

making up the Weyl chamber of E10



Kac-Moody algebras



The gravity/coset conjecture: 
sound of E10 symmetry?

Bosonic  
story

Fermionic  
story



Basic idea:  existence of two `dual’ descriptions: gravity and coset

massless spinning particle on G/K



Coset model: null geodesic on G/K



Evidence for Gravity/Coset correspondence



Bosonic (evolution) EOM of SUGRA_11



Fermionic (evolution) EOM of SUGRA_11 (linear level in Psi)



Quantum (bosonic) coset model
Iwasawa parametrization  

of coset element: V(t) = exp(

X

a

�aHa) exp(

X

↵>0

⌫↵E↵)

classical Hamiltonian

Finite-dimensional truncations: quantum cosmo billiards  (Kleinschmidt-Nicolai’06) 
E10 WDW eq (Kleinschmidt-Nicolai’22) 



Shortcomings of coset/gravity correspondence

spatial gradients at levels ell >= 3 beyond dual fields ? 

spatial gradients of  gravitino? 

constraints and  subgroups of E10?

Beyond linear gravitino equation: TD-Spindel ’13,’17,'22




Hidden Kac-Moody Structures in the Fermionic Sectors of SUGRA4 and SUGRA5
(TD-Spindel ’13,’17,’22)

SUGRA4  Reduction to SU(2)-homogeneous (Bianchi IX)  BKL-type model 

squashed 3-sphere

time



Quantization: wave function
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relation of fermions:

Algebra of fermions=Clifford algebra Spin(8^+ , 4^-)
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Lorentzian-signature 

quadratic form which defines

the kinetic terms of of the gravitino, 

as well as those of the \beta^a's

The wave function of the universe                 
is a 64-dimensional spinor of Spin(8,4) and the gravitino operators \Phi_A^a  
are 64 x 64 ``gamma matrices'' acting on

 (�a,'a,�)

 �(�,')

 �(�,') , � = 1, · · · , 64

NB: for SUGRA_11 Fermions have 2^160 ~ 10^48 components !!

3 log-scale factors 3 angles

quantized 
gravitino zero-mode



Dirac Quantization of the Constraints
bSA = 0 , bH  = 0 , bHa = 0

bHa = 0 , �i
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Diffeomorphism constraint:

Crucial SUSY constraints:

4x64 1st order PDEs for

the 64 functions Psi_sigma(beta)
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Hidden Kac-Moody (AE3) Structures in the Hamiltonian

Fermionic Operators coupled to AE3 roots Kac-Moody





Quantum Fermionic generalization of Belinsky-Khalatnikov-Lifshitz chaotic oscillations 
(quantum fermionic billiard, `a la TD-Hillmann’09)

time

The Dirac-like SUSY equations for the 
propagation of the spinorial wave  

function in \beta-space
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leads to ``reflection operators'' on 
three hyperplanes in beta-space which 

have the form
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where the operators J

bJ↵i = {bS23, bS31, bJ11}

define a representation of the  compact  
subalgebra of the hyperbolic Kac-Moody AE_3 
(spinorial extension of the Weyl group of AE_3)

-> conjecture of « duality » between gravity and Kac-Moody coset



the quantum SUGRA effects quartic in fermions dominate the 
dynamics near a small-volume singularity and can 
generically lead to a quantum avoidance of a singularity, 
i.e. a bounce of the universe 
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in particular: « ground-state »-like wave function:

localized around a,b,c ~ 1=L_Planck; vanishes both as a,b,c->0 and -> infinity



Hidden Kac-Moody Structures in the Fermionic Sectors of SUGRA5

(TD-Spindel ’22)Reducing SUGRA5 (Chamseddine-Nicolai’80, Cremmer’80) 
 to one timelike dimension

zero-modes: minisuperspace 

Iwasawa decomp of spatial 4-bein:

upper triangular

4 diagonal scale factors



Hamiltonian:



Appearance of G2^++ and K(G2^++)
Four dominant potential walls= simple roots of G2^++

K(G++
2 ) : xi ⌘ ei � fi

Serre-Berman relations for K(G2^++):



Consistency of quantum constraints

generate a 2^16-dim rep. of K(G2^++)

invariance 
of quartic term in H 

wrt K(G2^++) 

quantum 
reflection 
operators



Conclusions

There is an array of striking, tantalizing  facts suggesting the presence 
of hyperbolic Kac-Moody structures (E10, K(E10),…) in supergravity. 

However, the precise role, and extent, of  
these structures remains unclear (sound of symmetry?)

Thank you Hermann for your crucial role in pointing towards, and 
deciphering, the possible role of these structures, 

and for your frienship


