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Motivation

We are facing a series of problems that require the
study of the interplay of collisional stellar dynamics
and Post-Newtonian dynamics. A few examples:

1) Massive BH binaries and the last parsec problem;

2) Triple (stellar, intermediate, or massive) BH
configurations: close encounters, Kozai cycles,
mergers;

3) EMRIs and IMRIs: estimate event rates, triaxiality
and binaries, rotation, resonant
relaxation;

4) Compact binaries and stellar BH populations in
globular clusters



N-Body Growth of a Bahcall-Wolf cusp around a MBH

Single mass population:
(Bahcall & Wolf 1976)

density cusp, p(r) « r %, r<r,

distributionfunction, f(E) ~ E?, p=1/4, E>E,
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This type of N-body calculations may take several
weeks or months, and only possible with special-purpose Preto et al. 2004
hardware GRAPE 6-A and micro-GRAPE!!



Multiple Massive Black Holes The last parsec
strong ongoing merger... problem




The last parsec problem:
rotating galaxy models

N=200k; King, W,=8; Mpyy=Mgp=0.02; &= 10 #,=0.001; n=0.01; dip 107
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1/axct/N, diffusive regime (empty loss cone)
1/acct, pinehole regime (full loss cone) Berczik et al 2006



PN Equations of Motion
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PN Binary Evolution
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PN Binary Evolution

Mgy =Mgyo=1.0; o=10; €=0.0; M=0.02; dr_, =10"1°
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Conservative energy terms
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Circular orbits in 1PN dynamics

XY_BINARY

Initial conditions for a circular |
Keplerian orbit:

10

M,=M,=1.0, c=3

X,,=1.0, y,=2,=0.0
Vi1,0=0.9, Vi =V, ,,=0.0

X,,=—1.0,y,=2,=0.0
V2,077 0.5, Vi 0= V412,0=0.0

=10




Circular orbits in 1PN dynamics

XY_BINARY KY_BINARY

X
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w=EM1 (v -3)6MIry e+ O(11cY , GM 1—(4+2v)GM/r,c

w_
Iy ° 1} 1-(1+3v)GM/r,c?
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Circular orbit frequency (c=3)
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Newtonian: PNO

PNO 1 (Exact) ]
PNO 1 2(Taylor exp.)| ]

in harmonic coordinates:
R..,=GM,,/c’°=1/9

R:|RBH1_RBH2|




Circular orbit freq. (c=10)
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Magnitude of PN aceleration terms (c=3)

in harmonic coordinates:
R, =GM,;,/c’=1/9
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Linear Stability Analysis

The PN equations of motion in polar coordinates are:

r = u
u = —GNZIM+A+Bu}+rw2
r
w = —w GIZVI B+2u
T r

Consider small perturbations around the circular orbit:

I‘=I‘0-|—€O Er:fZEU_
u=e¢, — €,=U=0cy(Ty w,) €.+B,(ry w,) €,
W=w,+€, €,=wW=yq(T, w,) €,

Solve for the eigenvalues A to find: A=vV—(x,+8,Y,)

Thus: criteria for stability is

For solutions of the type:



Stability Parameter, CO

Linear stability analysis for circular orbits,
PN1+PN2 (c=3)
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Stability Parameter, CO

Linear stability analysis for circular orbits,
PN1+PN2 (c=10)
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in harmonic coordinates:
R....,=GMg,/c*=0.01
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Summary

1) Massive BH binary problem: already under detailed study
in Heidelberg and Potsdam (at least!), PN corrections
implemented and tested, still space for improvements in
accuracy and efficiency of numerical integrator for the BH and
nearby field stars interactions depending on astrophysical
scenario;

2) Resonant Relaxation: very high N (10 M) required

for realism, for many orbits, great accuracy and very

expensive in CPU time, (1-4) M calculations are feasible, 10M if
combined collisional and tree code (not there yet!);

3) EMRISs: very big challenge from the numerical point of view,
highly eccentric orbits for many periods (with PN dynamics),
very large mass ratio (difficult for chain integrator), algorithmic
regularizations, new symplectic or time-reversible methods

4) Compact binaries and stellar BH populations in globular
clusters: direct N-body codes ready.
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