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1. Gravitational Waves and Radiation Reaction

. A possible source of gravitational waves for LISA detection: a binary inspiral (EMRI).

. Describing the theoretical waveform requires an accurate description of the orbital evolution of the small
black hole: including the effects of radiation reaction and the self-force.

What is Self-force?

. The self-force is the enteraction of a particle with its own field (scalar, electromagnetic, gravitational).
« Self-force includes radiation reaction, and also includes conservative effects.

. It changes the world-line of the particle away from a geodesic.

. e.g. Self-force of a scalar field:
“lf = CIVWR,
q: charge of a particle,
Y1 field that results from the particle itself but does not include the singular part.



2. General Formal Schemes for Calculating Self-force

. Dirac (1938): an electron moving in flat spacetime,
Dewitt and Brehme (1960): an electron moving in curved spacetime (extended Dirac’s problem),
Mino, Sasaki and Tanaka (1997), Quinn and Wald (1997): Gravitational self-force of particles in
curved spacetime,
Quinn (2000): a scalar point particle in curved spacetime

. e.g. Quinn’s self-force of a scalar field:

1 1
mv® = gV, + 3q2(1')“ — %) + 6q2(Rabvb + v Ryv"v")

1 2, .a . 2 [T xgawet (. .a a(/ /
— 154 Ro® + lim ¢ /_OO VeG™ (2%(7), 2%(7")) dT'.
= G (2%(7), 2°(7")): bi-scalar retarded Green’s function for the wave eqn.

V3™ = —4nJ, with Jy= q/F(—g)_l/Qé(@ (" — 2%(T)) dT.

Note the tazl integral term.

Scalar self-force exists; radiation reaction occurs even for a particle in free fall.



3. Evaluation of Scalar Self-force in Schwarzschild spacetime by Mode-sum Regu-
larization (Barack and Ori (2002); Mino, Nakano, and Sasaki (2002); Detweiler, Messaritaki, and Whiting
(2003))

« Self-force is obtained by subtraction:

fself = lim [fret( ) — fs(p/)} = lim fR( .

a
p—p' p—p

(S : Singular Source, R : Regular Remainder)

« Use spherical harmonic decompositions:

P =5 S ()Y (8, 0).

Determine (r t) (— F°) numerically and ) (r,t) <—> .7-";&> analytically.
« Self-force is finally computed by mode-sum regularization:
et/ is infinite but rf;,t/ 5 s finite at the location of the particle, .
f;elf _ hm v (¢ret . ¢S)
p—p/
— 1 V. { [0 0) = 03,00 Yiul0, )|
f— leHl( ret_fgsa>
(=0 p—1/
1 C 2v/2D
_ 1 fret (£ ) A, + B, @ _ a o= :
g%tﬁi { Tg) et +K+§ @é—n@ﬂ+@+ )

where A,, B,, C,, D, are termed regularization parameters.
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3.A. Numerical Computation of F}¢' (Detweiler, Messaritaki, and Whiting (2003))

. Solve numerically the wave eqn. for a charge ¢ moving along I'(7), described by z%(7):

VAt = —4rj, with jo = q/r(—g)_l/25(4) (% = 2%(1)) dT.
. e.g. Charge moving along a ctrcular orbit at radius r, with angular frequency 2 about a Schwarzschild

BH:

Z(t) & (r=ry0=m/2,¢=Qt).
Then ¢

. tm . wwmt

o= 5 5 1) Y 6,
with drq Y7 (7/2,0)  dt |

q Xy, \T/ 4,
o T TR Tt dr dr 1= 3M/r,

Decompose

Y = )3 Vi (1) Y (0, )

and solve the wave eqn.

d?Pict 2 — M) dapiet w?r? 0+1) | et Qom
dr? r(r—2M) dr (r —2M)? N r(r— 2M)] fm _7”0—2]\45(T 7o)
with B.C. requiring only ingoing waves at the event horizon (r — 2M) and outgoing waves at infinity
(r — 00).
Finally, t
et AW
Fir = mg_g dr e

5



3.B. Analytical Calculation of .7:8 (Barack and Ori (2002); Mino, Nakano, and Sasaki (2002);
Detweiler, Messaritaki, and Whiting (2003); Klm(2004))

« Determine regularization parameters analytically

1 C, 242D,
FS - (z+2>Aa+Ba+ : v2

(+1 (20-1)(20+3)

+ O™,

. e.g. Charge moving along a general orbit about a Schwarzschild BH (Kim(2004)):

Fp,=1{ mode decomp. of 9,1°, where ¢°= \/X2+qyz+22
= X =Ap|MB b —2b) + MB (xc—fU)(de_x) Oz — o)’

(Thorne-Hartle-Zhang norma,l coords.) with

MY, = ding [£2f 7 on) (£=1-

A = Lorentz boost by four-velocity of particle.

QM)

T'o

Then
2, 2 2

- q T - q¢ b - - q Fyn 3I5)

At = Sgn(A)Tg)\, AT = _Sgn<A>7"gf)\7 Agb = 07 AQ = O, Bt = E [)\3/2 2)\5/2] ,
2 22 )

9 F1/2 (f —2r )F3/2 3r F5/2 o q F1/2 - F3/2 3(F5/2 - F3/2) B
b, = 77(2) L2 ™ 2 fA3/2 ™ 2FN/2 | By 7 A\L/2 T 2)3/2 , By=0,
C,=C,=Cy=Cyp=0, -+, where A=r—r, and \=(1+J*/r?).
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3.C. An Example: Self-force on eircular orbits about Schwarzschild BH
F = % lim [F(r) = F(r)] = S F(ro)
7o 7

~ T {Tlg% P - {(E " ;) At B —2{)§(§Z+ 3" OWL)H
0’ ‘ ‘ ‘ ‘ w w ‘
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Figure 1: F5oU vs. £ (by courtesy of Detweiler et al, 2003 ): for r, = 10M to £ = 40, F=U = 1.37844828(2) x 107



4. Gravitational Self-force in Schwarzschild Spacetime by Mode-sum Regular-
ization (in progress)

« Problems with Mino-Sasaki- Tanaka-Quinn- Wald Gravitational Self-force: not gauge in-
variant and depending upon the gauge condition.

« Determine the effects of self-force: changes in gauge invariant quantities due to the self-
force effects.

e.g. For a circular orbit, a direct observable ) (orbital angular frequency) or a combination of
observables E — QJ

= The particle moves on a geodesic of gq, + AL, and

9 2 b t2_M T—SM b
O = (dp/dt)* = (u”/u')" = i o “bo.hY

M 1
(E — QJ)2 = (1 — 3) (1 — U ubhab + 27“u ub&nhgb) ,

,
where u, = (uy, uy, ug, uy) = (—F, 0, 0, J) (four-velocity of particle).
Mode-sum regularization can be similarly employed using tensor spherical harmonic decom-
position
h hret th _ Z {hret ‘m hS ‘m
‘m

_ Z {hretf hsbf] ’
Ochyy = Ochy — Ochy, = X |0hiy ™ — Ochiyy™| = > Dehigt — Oy |
m

(S : Singular Source, R : Regular Remamder)



5. Self-forces in Kerr Spacetime by Mode-sum Regularization (in progress)

« Extremely difficult to handle the problem in strong field regime

. Study of a sgmple case of scalar self-force: in weak field, weak spin limit (M/r < 1, a/r < 1
(a = J/M)) with circular, equatorial orbits
= Simplify the Kerr geometry and modify the coordinates such that to leading order in M /r
and a/r

IIZ

oM oM .
ds’ (1 - ) di® + (1 + ) dr® + r* (d6” + sin® 6d¢”) |

r r
where

t=1t— (asin®0)¢ and b=¢— (CL) t.

2
Then, V? is spherically symmetric in the new geometry i® = (f, r, 0, é), and we solve

@%bret _ —47Tj0 (:73) :
where
= q/ 1/254 — Z%7))dr = q(—g)_l/2 (df/dT)_l 5 (5:2 — 3 (f))
and
F(t) = (ro,m/2,Q0) with Q=Q—a(r,”+Q%) & 2'(t) = (ro,7/2,1),

to calculate

et — 2 lim o, = ¢° hm 0, (¢ret — ) Z lim ( Fret — fgsa> .

p—p' —op—p



« For a scalar charge ¢ moving along a general orbit in the plane with 6, about a Kerr BH,

1 C
S _ 4 a —2
fga(€+2)Aa—l—Ba—l—€+%+O(€ )

with regularization parameters
¢*X%sin? 6,7
Asin? 0, (X + uj) + X2L2
¢*Ssin b, | Asin® 0, (S + (S2/A)r? + ug) + L2172
A1/2 [.A sin? 0, (3 + u3) + Z2L§] 7

A = sgn(r - ro)

1/2

A, = —sgn(r —r,) Ay = 0, Ay = 0,

B, = V2¢*sin6, | =R, (Puy Tyl
+6R, 2Py P I

+ 2P, I, O) <(sin )M (cos @)Z_MX_3/2>
((sm @M (cos @)Y (M= 8%+ 8%, N =08%+ 0%+ 5%+ 6y),

C, =0 - .

2
A=7r’+a*—-2Mr,, Y =r’+a’cos’l, A= (r?) + a2> — a*Asin® 6,
Pab = UoqUoh T gab|0 ) Qab = 2uoozuob + gab|0 )

1/2
Asin? 6, / o o Asin®0,

2
R, = {(—Z—ungLg—k ) + 4ugL? X =1 —asin*(®+ ),

1/2
Y

a=2R! l(—Z — ug — Lz + Asin® 90/2>2 + 4U§L31

O

3 = tan~! [ngLZ/ <_§] _ ug + Lz + Asin? 90/2)}
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« Gravitational self-force in Kerr:
Similarly, we may also try to solve

Eab = —87TTab (57) ,

where

Eay = V2hiiy + VaVih™ = 2V Vehise + 2Ra B + gy (VVIRE — V2R

and

= o fuul (—g) V8 (" — (r)) dr
to calculate
dE 1, ,0h8 1, ,0(hs -1 7 _ 1, 0n 1, ,0 (Bt — hS,)
i Y Ve L — y L and — = —u"u — —uud .
dr 2 ot 2 ot dr 2 oo 2 90

DISCUSSIONS & QUESTIONS

« How to include the self-force effects in the orbital evolution.

. Dephasing effects due to conservative self-force /| Adiabatic approach.

« Developing techniques for the self-force in Kerr in strong field regime.
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