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1. Gravitational Waves and Radiation Reaction

• A possible source of gravitational waves for LISA detection: a binary inspiral (EMRI).

• Describing the theoretical waveform requires an accurate description of the orbital evolution of the small
black hole: including the e�ects of radiation reaction and the self-force .

What is Self-force?

• The self-force is the interaction of a particle with itsown �eld (scalar, electromagnetic, gravitational).

• Self-force includes radiation reaction , and also includes conservative e�ects .

• It changes theworld-line of the particle away from a geodesic.

• e.g. Self-force of a scalar �eld:
F a

self = q∇aψR,

q: charge of a particle,
ψR: �eld that results from the particle itself but doesnot include the singular part.
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2. General Formal Schemes for Calculating Self-force
• Dirac (1938): an electron moving in�at spacetime,
Dewitt and Brehme (1960): an electron moving in curved spacetime (extended Dirac's problem),
Mino, Sasaki and Tanaka (1997),Quinn and Wald (1997):Gravitational self-force of particles in
curved spacetime,
Quinn (2000): a scalar point particle in curved spacetime

• e.g. Quinn's self-force of a scalar �eld:

mv̇a = q∇aψin +
1

3
q2(v̈a − v̇2va) +

1

6
q2(Ra

bv
b + vaRbcv

bvc)

− 1

12
q2Rva + lim

ε→0
q2

∫ τ−ε
−∞ ∇aGret (xa(τ ), za(τ ′)) dτ ′.

⇒Gret (xa(τ ), za(τ ′)): bi-scalar retarded Green's function for the wave eqn.
∇2ψret = −4πJ0 with J0 = q

∫

Γ
(−g)−1/2δ(4) (xa − za(τ )) dτ.

Note the tail integral term.

Scalar self-force exists ; radiation reaction occurs even for a particle in free fall.
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3. Evaluation of Scalar Self-force in Schwarzschild spacetime byMode-sum Regu-
larization (Barack and Ori (2002); Mino, Nakano, and Sasaki (2002); Detweiler, Messaritaki, and Whiting
(2003))

• Self-force is obtained by subtraction :
F self
a = lim

p→p′

[
F ret
a (p)−FS

a (p′)
]
= lim

p→p′
FR
a (p′).

(S : Singular Source, R : Regular Remainder)

• Use spherical harmonic decompositions :
ψret/S =

∑

`m
ψ

ret/S
`m (r, t)Y`m(θ, φ).

Determine ψret
`m(r, t) (→ F ret

` a )numerically and ψS
`m(r, t)

(
→ FS

` a

)
analytically .

• Self-force is �nally computed bymode-sum regularization :
ψret/S is in�nite but ψ

ret/S
`m is�nite at the location of the particle, .

F self
a = lim

p→p′
∇a

(
ψret − ψS

)

= lim
p→p′

∇a





∑

`m

[
ψret
`m(r, t)− ψS

`m(r, t)
]
Y`m(θ, φ)





=
∞∑
`=0

lim
p→p′

(
F ret
` a −FS

` a

)

=
∞∑
`=0



 lim
p→p′

F ret
` a −





` +

1

2


Aa +Ba +

Ca
` + 1

2

− 2
√

2Da

(2`− 1)(2` + 3)
+O(`−4)






 ,

where Aa, Ba, Ca, Da are termed regularization parameters .
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3.A. Numerical Computation of F ret
` a (Detweiler, Messaritaki, and Whiting (2003))

• Solve numerically the wave eqn. for a charge q moving along Γ(τ ), described by za(τ ):
∇2ψret = −4πj0 with j0 = q

∫

Γ
(−g)−1/2δ(4) (xa − za(τ )) dτ.

• e.g. Charge moving along a circular orbit at radius ro with angular frequency Ω about a Schwarzschild
BH:

zi(t) ⇔ (r = ro, θ = π/2, φ = Ωt).

Then
j0 =

∑

`m

q`m
4πro

δ(r − ro)e
iωmtY`m(θ, φ)

with
ωm = −mΩ, q`m =

4πq

ro

Y ∗
`m(π/2, 0)

dt/dτ
,

dt

dτ
=

1
√
1− 3M/ro

.

Decompose
ψret =

∑

`m
ψret
`m(r)eiωmtY`m(θ, φ)

and solve the wave eqn.
d2ψret

`m

dr2
+

2(r −M)

r(r − 2M)

dψret
`m

dr
+




ω2r2

(r − 2M)2
− `(` + 1)

r(r − 2M)


ψret

`m = − q`m
ro − 2M

δ(r − ro)

with B.C. requiring only ingoing waves at the event horizon (r → 2M) and outgoing waves at in�nity
(r →∞).
Finally,

F ret
` r =

∑̀

m=−`
dψret

`m

dr

∣∣∣∣∣∣∣
ro

.
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3.B. Analytical Calculation of FS
` a (Barack and Ori (2002); Mino, Nakano, and Sasaki (2002);

Detweiler, Messaritaki, and Whiting (2003); Kim(2004))
• Determine regularization parameters analytically

FS
` a =


` +

1

2


Aa +Ba +

Ca
` + 1

2

− 2
√

2Da

(2`− 1)(2` + 3)
+O(`−4).

• e.g. Charge moving along a general orbit about a Schwarzschild BH (Kim(2004)):

FS
` a = ` mode decomp. of ∂aψ

S, where ψS =
q√X 2 + Y2 + Z2

.

⇐ XA = ΛA
B


MB

b(x
b − xbo) +

1

2
MB

b Γbcd
∣∣∣∣
o
(xc − xco)(x

d − xdo)


 +O[(x− xo)

3]

(Thorne-Hartle-Zhang normal coords.) with

MA
a = diag

[
f 1/2, f−1/2, ro,−ro

] 
f ≡ 1− 2M

ro


 ,

ΛA
B = Lorentz boost by four-velocity of particle.

Then

At = sgn(∆)
q2

r2
o

ṙ

λ
, Ar = −sgn(∆)

q2

r2
o

E

fλ
, Aφ = 0, Aθ = 0, Bt =

q2

r2
o

Eṙ


F3/2

λ3/2
− 3F5/2

2λ5/2


 ,

Br =
q2

r2
o


−F1/2

λ1/2
+

(
f − 2ṙ2

)
F3/2

2fλ3/2
+

3ṙ2F5/2

2fλ5/2


 , Bφ =

q2

J
ṙ



F1/2 − F3/2

λ1/2
+

3(F5/2 − F3/2)

2λ3/2


 , Bθ = 0,

Ct = Cr = Cφ = Cθ = 0, · · · , where ∆ ≡ r − ro and λ ≡ (
1 + J2/r2

o

)
.
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3.C. An Example: Self-force on circular orbits about Schwarzschild BH
F self
r =

∑

`
lim
r→ro

[
F ret
` r (r)−FS

` r(r)
]
=

∑

`
FR
` r(ro)

=
∑

`



 lim
r→ro

F ret
` r (r)−





` +

1

2


Ar +Br − 2

√
2Dr

(2`− 1)(2` + 3)
+O(`−4)







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Figure 1: F self
` r vs. ` (by courtesy of Detweiler et al, 2003 ): for ro = 10M to ` = 40, F self

r = 1.37844828(2)× 10−5
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4. Gravitational Self-force in Schwarzschild Spacetime by Mode-sum Regular-
ization (in progress)

• Problems withMino-Sasaki-Tanaka-Quinn-Wald Gravitational Self-force : not gauge in-
variant and depending upon the gauge condition .

• Determine the e�ects of self-force : changes in gauge invariant quantities due to the self-
force e�ects.

e.g. For a circular orbit, a direct observable Ω (orbital angular frequency) or a combination of
observables E − ΩJ

⇒ The particle moves on a geodesic of gab + hR
ab and

Ω2 = (dφ/dt)2 =
(
uφ/ut

)2
=
M

r3
− r − 3M

2r2
uaub∂rh

R
ab,

(E − ΩJ)2 =


1− 3M

r





1− uaubhR

ab +
1

2
ruaub∂rh

R
ab


 ,

where ua = (ut, ur, uθ, uφ) = (−E, 0, 0, J) (four-velocity of particle).
Mode-sum regularization can be similarly employed using tensor spherical harmonic decom-
position

hR
ab = hret

ab − hS
ab =

∑

`m

[
hret `m
ab − hS `m

ab

]
=

∑

`

[
hret `
ab − hS `

ab

]
,

∂ch
R
ab = ∂ch

ret
ab − ∂ch

S
ab =

∑

`m

[
∂ch

ret `m
ab − ∂ch

S `m
ab

]
=

∑

`

[
∂ch

ret `
ab − ∂ch

S `
ab

]
.

(S : Singular Source, R : Regular Remainder)

8



5. Self-forces in Kerr Spacetime by Mode-sum Regularization (in progress)
• Extremely di�cult to handle the problem in strong �eld regime
• Study of a simple case of scalar self-force: in weak �eld , weak spin limit (M/r ¿ 1, a/r ¿ 1

(a ≡ J/M)) with circular , equatorial orbits
⇒ Simplify the Kerr geometry andmodify the coordinates such that to leading order in M/r

and a/r

ds2 ∼= −

1− 2M

r


 dt̃2 +


1 +

2M

r


 dr2 + r2

(
dθ2 + sin2 θdφ̃2

)
,

where
t̃ ≡ t− (a sin2 θ)φ and φ̃ ≡ φ−

( a

r2

)
t.

Then, ∇̃2 is spherically symmetric in the new geometry x̃a =
(
t̃, r, θ, φ̃

)
, and we solve

∇̃2ψret = −4πj0 (x̃) ,

where
j0 (x̃) = q

∫
(−g)−1/2δ4 (x̃a − z̃a(τ )) dτ = q(−g)−1/2

(
dt̃/dτ

)−1
δ3

(
x̃i − z̃i

(
t̃
))

and
z̃i

(
t̃
)

=
(
ro, π/2, Ω̃t̃

)
with Ω̃ ≡ Ω− a

(
r−2
o + Ω2

)
⇔ zi(t) = (ro, π/2,Ωt) ,

to calculate
F self
a = q2 lim

p→p′
∂aψ

R = q2 lim
p→p′

∂a
(
ψret − ψS

)
=

∞∑
`=0

lim
p→p′

(
F ret
` a −FS

` a

)
.
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• For a scalar charge q moving along a general orbit in the plane with θo about a Kerr BH,

FS
` a =


` +

1

2


Aa +Ba +

Ca
` + 1

2

+O(`−2)

with regularization parameters

At = sgn(r − ro)
q2Σ2 sin2 θoṙ

A sin2 θo (Σ + u2
θ) + Σ2L2

z

,

Ar = −sgn(r − ro)
q2Σ sin θo

[
A sin2 θo

(
Σ + (Σ2/∆)ṙ2 + u2

θ

)
+ Σ2L2

z

]1/2

∆1/2
[
A sin2 θo (Σ + u2

θ) + Σ2L2
z

] , Aθ = 0, Aφ = 0,

Ba =
√

2q2 sin θo

[
−R−3/2

o

(
Pab Γbcd

∣∣∣∣
o
+ 2Pbc Γbad

∣∣∣∣
o

) 〈
(sin Φ)M(cos Φ)2−Mχ−3/2

〉

+6R−5/2
o PacPbd Γbef

∣∣∣∣
o

〈
(sin Φ)N (cos Φ)4−Nχ−5/2

〉]
(M = δcθ + δdθ, N = δcθ + δdθ + δeθ + δf θ),

Ca = 0 · · · ,

where
∆ ≡ r2

o + a2 − 2Mro, Σ ≡ r2
o + a2 cos2 θo, A ≡

(
r2
o + a2

)2 − a2∆ sin2 θo,

Pab ≡ uoauob + gab|o , Qab ≡ 2uoauob + gab|o ,

Ro ≡




−Σ− u2

θ + L2
z +

A sin2 θo

Σ




2

+ 4u2
θL

2
z




1/2

+ Σ + u2
θ + L2

z +
A sin2 θo

Σ
, χ ≡ 1− α sin2(Φ + β),

α ≡ 2R−1
o

[(
−Σ− u2

θ + L2
z +A sin2 θo/Σ

)2
+ 4u2

θL
2
z

]1/2
, β = tan−1

[
2uθLz/

(
−Σ− u2

θ + L2
z +A sin2 θo/Σ

)]
.
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• Gravitational self-force in Kerr:
Similarly, we may also try to solve

Eab = −8πTab (x̃) ,

where
Eab = ∇̃2hret

ab + ∇̃a∇̃bh
ret − 2∇̃(a∇̃chret

b)c + 2Ra
c
b
dhret

cd + gab
(
∇̃c∇̃dhret

cd − ∇̃2hret
)

and
Tab (x̃) = µ

∫
uaub(−g)−1/2δ4 (x̃a − z̃a(τ )) dτ,

to calculate

dE

dτ
= −1

2
uaub

∂hR
ab

∂t
= −1

2
uaub

∂
(
hret
ab − hS

ab

)

∂t
and dJ

dτ
=

1

2
uaub

∂hR
ab

∂φ
=

1

2
uaub

∂
(
hret
ab − hS

ab

)

∂φ
.

DISCUSSIONS & QUESTIONS

• How to include the self-force e�ects in the orbital evolution .
• Dephasing e�ects due to conservative self-force /Adiabatic approach .
• Developing techniques for the self-force inKerr in strong �eld regime .
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